[1] An exact analytical solution for the quantity of seepage from a semicircular channel is not available because of difficulties in the conformal mapping. In the present study an inverse method has been used to obtain an exact solution for seepage from a curved channel whose boundary maps along a circle onto the hodograph plane. The solution involves inverse hodograph and Schwarz-Christoffel transformation. The solution also includes a set of parametric equations for the shape of the channel perimeter and loci of phreatic lines. The channel shape is an approximate semiellipse with the top width as the major axis and twice the water depth as the minor axis and vice versa. The average of the corresponding ellipse and parabola gives nearly the exact shape of the channel. Also, this channel is non-self-intersecting and is feasible from a very deep channel to a very wide channel, unlike Kozeny's trochoid shape, which is self-intersecting for a top width to depth ratio less than 1.14. Its seepage function is a linear combination of seepage functions for a slit and a strip. However, this channel allows more seepage loss than a trochoid channel. A special case of the resulting channel is an approximate semicircular section. 
Introduction
[2] Study of seepage from curved channels is important because of its applications in areas of irrigation engineering, hydrology, reservoir management, and groundwater recharge. A semicircular channel is the most hydraulically efficient section and hence is also the most economical section as it has the least cross-sectional area and wetted perimeter [Chow, 1973] . J. Kozeny [Harr, 1962; Polubarinova-Kochina, 1962; Muskat, 1982] investigated seepage from a curved channel using Zhukovsky's function and found that the resultant channel has trochoid shape. Anakhaev [2004] obtained a solution for curvilinear watercourses by representing the watercourse profiles in the Zhukovsky plane by means of the equation of a family of lemniscates and by using the conformal mapping and showed that a special case reduces to Kozeny's trochoid shape. Hunt [1972] presented an approximate solution for seepage from a shallow channel of an arbitrary cross section. N. N. Verigin [Kovacs, 1981; Aravin and Numerov, 1965] analytically found an approximate solution for a circular section in terms of a rapidly converging series. Kacimov [2003] pointed out the mistake in Verigin's solution. Ilyinskii and Kacimov [1984] found the optimal shape of a curved irrigation channel from the point of view of minimum seepage loss using the inverse boundary value problem method. Furthermore, Kacimov and Obnosov [2002] used the inverse method along with hodograph and conformal mapping to find the shape of a soil channel of constant hydraulic gradient. Swamee and Kashyap [2001] obtained seepage from nonpolygon canals, including circular canals using the finite difference method; however, there are some drawbacks in their solution, as highlighted by Kacimov [2003] . Approximate solutions to find the quantity of seepage from canals by numerical (finite difference, finite element, boundary integral, etc.) methods [Remson et al., 1971; Huyakorn and Pinder, 1983; Liggett and Liu, 1983] have gained importance because of easy availability of high-speed digital computers along with specialized software. These methods can be used to quantify the seepage from curved channels. However, numerical methods result only in a numerical value as a problemspecific solution. Therefore generalized solutions in the functional form are not possible through numerical methods. An exact analytical solution for a semicircular channel is not achievable since its geometry maps in curvilinear shapes onto hodograph and inverse hodograph planes, for which Schwarz-Christoffel transformation is impossible. One possible way out is an inverse method where the shape of the unknown channel is searched as part of a solution [Ilyinskii and Kacimov, 1984; Kacimov and Obnosov, 2002] . Using the inverse method, an exact solution for seepage from a curved channel whose boundary maps along a circle onto the hodograph plane is presented. A special case of the resulting channel has been compared with a semicircular shape.
Analytical Solution
[3] The pattern of seepage from a curvilinear-bottomed symmetrical channel of top width T (m) and water depth y (m) in a homogeneous and isotropic porous medium of infinite extent is shown in Figure 1a . The effects of capillarity, infiltration, and evaporation are ignored. It is also assumed that the flow is steady and satisfies Darcy's law. In view of the significant length of the channel the seepage flow can be considered two-dimensional in the vertical plane. Because of vertical symmetry the solution for the half domain (a
The complex potential is defined as W = f + iy, where f is the velocity potential (m 2 /s), which is equal to hydraulic conductivity k (m/s) times the head h (m), and y is the stream function (m 2 /s), which is constant along streamlines. If the physical plane is defined as Z = X + iY, then Darcy's law yields u = @f/@X = Àk(@h/@X) and v = @f/@Y = Àk(@h/@Y), where u and v are velocity or specific discharge vectors in X and Y directions, respectively. In the velocity hodograph plane (dW/dZ = u À iv) the phreatic line a 0 b 0 will map along a circle of radius k with the center at (0, k/2). Since a 0 lies at a very large depth, the hydraulic gradient is unity, and the seepage velocity becomes k in the vertically downward direction. The channel boundary b 0 c 0 d 0 is an equipotential line, so the seepage velocity is normal to the boundary, and in the hodograph plane it will map a curvilinear path. However, the exact shape of the curve is not known. It is assumed that the channel boundary maps along a circle of diameter c in the hodograph plane.
[4] The inverse hodograph dZ/dW (Figure 1c ) and the complex potential W (Figure 1d ) for half of the physical flow domain have been drawn following the standard steps [Strack, 1989; Strack and Asgian, 1978] . The dZ/dW plane and W plane have been mapped onto the upper half of an auxiliary (Im z > 0) plane (Figure 1e ) using the Schwarz-Christoffel conformal transformation [Harr, 1962; Polubarinova-Kochina, 1962] .
[5] Mapping the W plane onto the z plane results in (for details of the mapping steps, refer to Appendix A or Chahar where q s is the quantity of seepage loss from unit length of channel (m 2 /s) and t is a dummy variable. Taking the derivative of equation (1),
Similarly, mapping the dZ/dW plane onto the z plane results in
Equation ( (2) and (3) and then integrating yields
where t is a dummy variable. Along the channel perimeter
Separating real and imaginary parts at point
where G = 0.915965594. . . = Catalan's constant. Combining equations (5), (6), and (7),
which defines the shape of the channel perimeter in Cartesian coordinates. Furthermore, combining equations (4), (6), and (7) in the phreatic line region a
Therefore the parametric equations for the phreatic line are
The integrals in equations (8) and (10a) involving hyperbolic cosine and sine functions can be expressed as infinite series expansions (Appendix A) or evaluated numerically. The phreatic line has a vertical asymptote at Y = Ài1, i.e., at the point a 0 (z = 1), given by
Hence the width of seepage flow at infinite depth B (m) comes out
[6] The distribution of the velocity of seeping water normal to the channel perimeter can be found by using equation (3) 
Substituting the values of c and z and then manipulating,
2.1. Quantity of Seepage [7] The steady seepage loss from a channel in the hydrogeological conditions of Figure 1a can be expressed as
where A is Vedernikov's parameter [Harr, 1962] and F s is the seepage function [Chahar, 2000; Swamee et al., 2000 Swamee et al., , 2001b , which is a dimensionless function of channel geometry and boundary condition. Using the value of c from equation (6) in equation (7),
Therefore Vedernikov's parameter and seepage function for this channel are
respectively. It is interesting to note that the Vedernikov's parameter is identical to that of a slit [Chahar, 2001] . Furthermore, equations (6) and (7) at c = 2k yield
The quantity of seepage given by equation (17c) is the minimum for a fixed area of the channel [Chahar, 2005] . Thus the top width to depth ratio equal to p 2 /4G results in a minimum seepage loss channel section. Ilyinskii and Kacimov [1984] also got a result identical to equation (17c) for their q s optimal channel. Therefore a particular case (c = 2k) of the present channel is the optimal channel studied by Ilyinskii and Kacimov [1984] . Furthermore, equation (16) gives q s = kyp 2 /4G for a slit (a very narrow and deep channel, i.e., T/y ! 0) and q s = kT for a strip (a very wide and shallow channel, i.e., T/y ! 1). Comparison of seepage loss from an optimal section given by equation (17c) with those from slit and strip sections shows (1) that the seepage loss from the minimum seepage loss section is twice that from the same top width strip section or the same depth slit section and (2) that for the same quantity of seepage the top width of a strip section is twice the top width of the corresponding minimum seepage loss section or the water depth in a slit section is twice that of the corresponding minimum seepage loss section. This halving feature of optimal sections, as compared with geometrically degenerated shapes (slit and strip), was also confirmed by Kacimov [2001, and references therein] for channels, drains, electrical condensers, and dams.
[8] As per the comparison theorem [Kacimov, 2003 ] the value of q s for any arbitrary channel is bounded from below and above by the following inequality:
where q i and q c are seepage discharges from an arbitrary inscribed channel and an arbitrary comprising channel, respectively. A rectangular channel is selected as a comprising channel, and a Kozeny's trochoid channel is selected as an inscribed channel (see Figure 2) . The shape of the present channel perimeter involving a hyperbolic cosine integral is evaluated through numerical integration using MATLAB. All three channels have the same y and T but differ in their shape such that a monotonic deformation from one shape to another gives a monotonic increase of the seepage losses according to equation (18). The shape of the Kozeny's trochoid can be given by the following parametric equations [Muskat, 1982] :
where the quantity of seepage q i is given by
so the Vedernikov's parameter for the trochoid channel is equal to 2. The main limitation of a trochoid channel is that it cannot be too deep. From equations (19a) and (19b), At the central point, Y = y, so dY/dX = 0 except when the denominator is zero. In that case, dY/dX is indeterminate, and the trochoid becomes self-intersecting and loses its usefulness. At this limiting case,
For a practical application of a trochoid shape, T/y must be greater than p À 2. So there is a typo in Kacimov's [2003] note for this inequality. Similarly, the channel of constant hydraulic gradient investigated by Kacimov and Obnosov [2002] becomes self-intersecting at larger depths (c ! 0.5k). Figure 2 also compares the investigated curved channel and a self-intersecting case of a trochoid for T/y = 1. The present curved channel does not have such a limitation at any y and T.
[9] Making use of Morel-Seytoux's [1964] exact solution for the seepage from a rectangular channel, Chahar [2000] and Swamee et al. [2000] obtained closely approximate explicit expression for the seepage function, while Chahar [2001] presented the solution for Vedernikov's parameter in graphical form. Using these results, it can be verified that the following inequality is always true for any set of y and T:
Salient Features
[10] The curved channel described by equation (8) possesses many interesting properties. It approximately represents a semiellipse with major and minor axes equal to T and 2y, respectively, and vice versa. Actually, it always lies between the semiellipse and a parabola (inscribed in a rectangle with sides T and y), and any of its coordinates is almost exactly the average of the coordinates of the corresponding ellipse and parabola (see Figure 2 for T/y = 2 and T/y = 1, and see Table 1 for T/y = 3). This channel is non-self-intersecting and hence is feasible from T/y ! 0 (slit) to T/y ! 1 (strip). In fact this is the basic shape of the channel, and it highlights the importance of expressing seepage loss in terms of seepage function. It can be noted from equation (17b) that the seepage function is a linear combination of seepage functions for a slit (p 2 /4G) and a strip (T/y), respectively [Chahar, 2000; Swamee et al., 2001a] . On the other hand, the seepage functions for other channels are power combination of p 2 /4G and T/y. For example, the power is 1.3 for an inscribing triangular channel and 0.77 for a comprising rectangular channel [Chahar, 2000; Swamee et al., 2000] , whereas it is in between these limits for other feasible channels for same T/y.
[11] A semicircle is a special case of a semiellipse, and consequently, by adopting T/y = 2 the curved channel can be approximated into a semicircular channel. Figure 3 shows a comparison with a semicircular channel. Both the channels closely match each other; the maximum error is 6.3% (Table 1) . Taking T/y = 2 in equation (14),
This variation in the velocity of seeping water normal to the channel perimeter is plotted in Figure 3 . The maximum velocity at the deepest point (X/T = 0) of the channel perimeter is Figure 3 also plots the phreatic lines by using T/y = 2 in equations (10a) and (10b). For an approximate semicircular channel the vertical asymptote of the phreatic line, the width of the flow at infinity, and the quantity of seepage reduce to
respectively.
Conclusions
[12] An exact analytical solution for the quantity of seepage from a curved channel whose boundary maps along a circle onto the hodograph plane can be obtained using an inverse method along with inverse hodograph and SchwarzChristoffel transformation. The shape of the channel is an approximate semiellipse. Nearly the exact shape of the channel can be obtained by averaging the corresponding ellipse and parabola. Unlike Kozeny's trochoid shape and the constant gradient channel of Kacimov and Obnosov this channel is non-self-intersecting at greater depths and hence is feasible from a very narrow and deep channel (slit) to a very wide and shallow channel (strip). Indeed, this is the basic shape of the channel, and its seepage function is a linear combination of seepage functions for a slit and a strip. Also, Vedernikov's parameter for the present channel is the same as that for a slit. Moreover, the quantity of seepage from this channel is always greater than a feasible trochoid channel of the same top width to depth ratio. A particular case of this curved channel is close to a semicircular section. 
where C 1 and C 2 are constants. The branch of ffi ffi t p is selected which is positive at t > 0. The constants can be found by using values of W and z at two points in the W plane and the z plane. Using the values at point c 0 (z = 0, W = 0) in equation (A1),
at point b 0 (z = À1, W = iq s /2), so Substituting values of q s and c yields equation (9). At point a 0 (z = 1) the phreatic line has a vertical asymptote given by equation (11) because
where B n = nth Bernoulli number.
A5. Relationship for Channel Perimeter
[17] The shape of the perimeter of the channel is given by equation (5): 
Equations (A13b) and (A13c) are parametric equations for the shape of the channel perimeter. From equation (A13b),
Plugging z into equation (A13c) yields equation (8).
A6. Variation in Seepage Velocity
[18] The distribution of the velocity of seeping water normal to the channel perimeter can be found by substituting the value of c in equation (13) and manipulating
Eliminating q s and separating real and imaginary parts,
Squaring and adding these equations,
which gives
Equation (A13d) can be used to eliminate z in equation (A14e) to get equation (14).
